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System & black-box model

f(x,u) €R
g(x,u) € R™

xeX

veu Black-box functions f and g

The x are the deterministic inputs

The u are uncertain inputs : u = U(w) with U a random vector of density py

f is the objective function to minimize

g is the constraint function defining the constraint to respect : g <0
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Optimization problem

Robust optimization problem

x* = arg min E[f(x, U)]

1)
s.t. [P[g(x, U) < 0] > Ptarget
V.
Deterministic strategy
x* = arg min F(x)
y )

st. G(x) <0

o Goal Oriented Sensitivity Analysis to reduce the input dimension : Spagnol 2020
o Huge evaluation cost of F and G
@ What about the U?

How to quantify the impact of the uncertain inputs U on the
optimization ?
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Toy function

Toy function from [El-Amri et al. 2021]
V(x,u) € [-5,5]* g(x,u) = —x? +5x0 —uy + 12 — 1
Fu = {x € [-5,5]%, g(x, u) < 0}
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up fixé

ul=-5 u2=0
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Subproblem : Excursion sets

Excursion sets |
New output :

Ny ={xe X, g(x,U) <0}, 3)
which is called a random excursion set.
Influence of the uncertain inputs U on 'y 7 = SA on excursion sets.

Yet most SA techniques have scalar or vectorial outputs.
How then can we do sensitivity analysis on (excursion) sets ?

o SA on sets using random set theory notably Vorob’ev expectation and deviation
o SA on sets using universal indices from Fort, Klein et Lagnoux 2021

o SA on sets using RKHS theory
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Table of Contents

© Kernel-based Sensitivity Analysis with scalar-valued outputs
@ Distribution embedding into a RKHS
@ From a distance between distributions to sensitivity indices

© Kernel-based Sensitivity Analysis on sets
o A kernel between sets
@ Estimation
@ Tests on excursion sets
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Distribution embedding into a RKHS

.'u-{.l") = .*.‘—x[k['. X)]

X P|
(@) = Ev[k(-, Y]
¥ Q S —inm

h‘ e (P — (@)

Distance between distributions as expectation of kernels, Gretton et al. 2006

7% (P, Q) = [lup — rell3s, = Ex x/op KX, X) + k(Y, Y') = 2k(X, Y)]
Y,Y'~Q

— is a distance between distribution iif k is characteristic (i.e. injectivity of the
embedding)
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MMD-based index

Si i =Ex,[vi(Py,Pyx)]
= ExiBenpyx, Eernpy  [K(E, N = Eynpy Eyrop, [k(Y, Y]

— has a ANOVA decomposition (daVeiga 2021) : can be used to rank the inputs by
influence.

@ Pick & freeze estimation

@ Rank-based estimation
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HSIC-based index Gretton et al. 2006

HSIC-based index

HSIC, (X, Y) : = 72 (Px;,v,Px; ® Py)
= Ex. xt, v,y kx(Xi, X )k(Y, Y)
+ Ex; x kx (Xi, X{)Ey v/ k(Y, Y')
— 2[EX,-7Y[[EXI.’ k_;\»(X,',X,-/)[Ey/k(Y, Y]

with (X!, Y’) an independent copy of (X, Y).

HSIC,(Xi, Y) = 0iif X; L Y (when k characteristic)— suited to identify the
negligible inputs through independence testing.

Estimation
@ Biased or unbiased classic estimators of HSIC,(X;, Y)
o p-values computable through asymptotic results or bootstrap methods
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SA on sets : a kernel between sets

Proposition (A kernel between sets, Balanga et Herbin 2012)

The function kset : F(X) X F(X) — R defined by
0'2 U
VLT € F(X), keee(T,T) = ﬁe*Wr“ ),

is positive definite for any positive scalars o and \.

Moore-Aronszajn theorem (Aronszajn (1950)) gives then the existence of a unique
RKHS H C ]-'(X)[R of reproducing kernel Kset.
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Estimation with set-valued outputs

In the MMD- and HSIC-based indices expressions, we need to estimate quantities of
the form Ekset (M1, M2).
With sets, kset(1,2) also require an estimation.

kset(T'1,T2) = e (M AT2)] (4)
= e Elrar ] with X ~ U(X) (5)
o e M) R T Tryary (X)) (6)
= keet('1,T2) (7)

Then we inject it in the indices estimators. For instance the normalized MMD-based
index estimated through pick and freeze method is :

Ty N k(T FAMY — B () 17()
Sxy?zz,zlksst(r ,r ) kset(r ,I' ) (8)

S Koot (T0), T0)) — Kgee (T, T7(0)
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Asymptotic behaviour of the indices on sets

Proposition (Quadratic error of a nested Monte Carlo estimator)
With the previous notations, using Rainforth et al. 2018, we have

2
1

ka r9,r9) - Fhee(T1,12) | = O Rl (9)

With this result, we can show that each quadratic error of our indices on sets has the
same asymptotic behavior with rate (’)(% + ﬁ)
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Test case : oscillator, Cousin 2021

gi(x,u) = uy — max V' (x1 + u1, x2 + Uz, up; t), (10)
tefo,T]

g(x,u) = u, — max V' (x1 + u1,x2 + u2, Up; t), (11)
te[0,T]

with ) the solution of the harmonic oscillator defined by :

(xa + un) V" (t) + upY' (1) + (2 + w2)V(t) = n(t). (12)
Uncertainty Distribution Uncertainty Distribution

Uy U[-0.3,0.3] Ur, N (1,0.1%)

U Uul-1,1] Ur, N (2.5,0.257)

Uy U[0.5,1.5] Ur, N (15,32)

Table — Definition of the uncertain inputs
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Results on the oscillator case : MMD-based index
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Figure — MMD-based total index for the constraint gy < 0
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Results on the oscillator case : MMD-based index
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Figure — MMD-based total index for the constraint g2 < 0
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Results on the oscillator case : MMD-based index
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Figure — MMD-based total index for the constraint g1 < 0 and g2 <0
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Results on the oscillator case : MMD-based index
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Figure — MMD-based total index for the couple (g2 < 0,82 < 0)
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Results on the oscillator case : HSIC-based index
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Figure — p-value of the HSIC-based index for the constraint g3 < 0
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Results on the oscillator case : HSIC-based index
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Figure — p-value of the HSIC-based index for the constraint g2 < 0
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Results on the oscillator case : HSIC-based index
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Figure — p-value of the HSIC-based index for the constraint g1 < 0 and g2 <0
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Results on the oscillator case : HSIC-based index
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Figure —  p-value of the HSIC-based index for the couple (g1 < 0, g2 < 0)
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Conclusion

Kernel-based SA on set-valued outputs (paper "soon")

o A way to do SA on set-valued outputs

@ On excursion sets : An answer to "How to do SA on the uncertain inputs in the
context of robust optimization 7"

Future work

o Test the three methods on a real test case (of Adan Reyes Reyes from IFPEN)
o Use it inside an optimization

MEXICO Sensitivity analysis on excursion sets 25 novembre 2022 18 / 23
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Excursion sets are random sets

For K compact, h(U) = X = {x € X, g(x,U) < 0}

{KNX #£0} = {w, KN X(w) =0}
=€ {w,Vx € K g(x, U(w)) > 0}

= H{w, ini;(g(x, U(w)) > 0} as K compact and g continuous in x
X€

=¢ U’I(Xigf(g(x, 9710, +0])) € F
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Indices estimation

o _ Ty kset (D, FAD) — ke (T, 70)
A,p.f 27:1 kset(r(i)7 r(l)) — kset(r(i)7 r/(l))

wp ST keet(TO,To00)) — L 500 ke (T, TO))

S

P LSy keee(TO,TO) — 5 570, keee (T, T0))
1 " P N
HSICU (UA7 r) = 71 Z <kMA (U,(q)y U,(qj)) - 1) kset (r(l)a F(J)) y
n(n=1) ;57
1 & . . ) .
HSIC, (Ua,T) = — >° (kap (U9, U9) = 1) kser (1O, 100).
ij=1
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Random set distribution embedding

The capacity functional of a random closed set I' denoted Ty is defined by :

K(x) — [0,1]
Tr: K = P(TAK#0).

The mean embedding of Tr is defined as

pur = Eflkser (T, -)]. (18)

(17
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